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Abstract
The original derivation of Hawking radiation shows the complete evaporation of black holes. How-
ever, theories of quantum gravity predict the existence of the minimal observable length. In this
paper, we investigate the tunneling radiation of the scalar particles by introducing quantum gravity
effects influenced by the generalized uncertainty principle. The Hawking temperatures are not only
determined by the properties of the black holes, but also affected by the quantum numbers of the
emitted particles. The quantum gravity corrections slow down the increase of the temperatures. The
remnants are found during the evaporation.
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1 Introduction
Hawking radiation is described as a quantum tunneling procedure near the horizons of black holes.
The original research of the radiation is relied on the calculation of the Bogoliubov coefficient [1].
The standard radiation spectrum was derived as the black body spectrum. This result predicts the
complete evaporation of the black hole. Other derivations based on the relativity quantum mechanics
in curved spacetime or the anomalous in the quantum theory also showed the correctness of the
Hawking formula [2, 3]. The semi-classical tunneling method is an effective model to study Hawking
radiation [4, 5, 6, 7, 8, 9, 10, 11]. The varied background spacetime was taken into account in this
method, therefore, the corrected Hawking temperature was obtained [5]. The corrected temperature
is higher than the original one, which implies that varied spacetime accelerates the evaporation.
However, various theories of quantum gravity, such as string theory, loop quantum gravity and
quantum geometry, predict the existence of the minimal observable length [12, 13, 14, 15, 16]. This
view is also supported by Gedanken experiments [17]. The generalized uncertainty principle (GUP) is
an simply way to realize this minimal length. To derive GUP, the fundamental commutation relations
should be modified. There are two ways to modify the commutation relations, which correspond to
different expressions of GUP [18, 19]. One way was put forward by Kempf et al. and the fundamental
length was derived [18]. Based on doubly special relativity theory, Das et al. recently re-modified the
relations and derived a expression of GUP, namely, DSR-GUP [19]. The minimum measurable length
and the maximum measurable momentum were approached in the same expression.
Incorporating GUP into black holes, many fruits have been achieved[21, 22, 23, 24, 25, 27, 28, 29].
The minimal mass was discussed in the modified Schwarzschild spacetime characterized by a finite
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Kretschmann scalar in [29]. In [28], the authors studied the creation of scalar particles pair by an
electric field in the presence of a minimal length. The thermodynamical properties were investigated in
[22, 25]. In the previous work [26], taking into account effects of quantum gravity influenced by DSR-
GUP, Nozari and Saghafi adopted semi-calssical tunneling model to investigate quantum tunneling
radiation of a massless particle across the horizon of the Schwarzschild black hole. The modified
Hawking temperature was gotten. In [27], based on GUP, the fermions’ tunneling radiation of various
black holes and their residue mass are considered. The results are same with our solutions.
In this paper, considering effects of quantum gravity influenced by GUP, we modify the Klein-
Gordon equation in curved spacetime. Then use the modified equation to discuss the tunneling
radiation of scalar particles in a Schwarzschild and a Kerr black holes. Our result shows that the
corrected Hawking temperatures depend not only on the parameters of the black holes but also on
the quantum numbers (mass, energy and angular momentum) of the emitted particles. Quantum
gravity corrections slow down the increase of the Hawking temperatures during the evaporation. This
correction leads the remnants during the evaporation.
The rest of this paper is organized as follows. In section 2, we modify the Klein-Gordon equation
by the modified fundamental commutation relations. In section 3, using the modified equation, we
discuss the tunneling radiation of scalar particles in the Schwarzschild black hole. The tunneling
radiation in the Kerr black hole is investigated in section 4. The remnants are derived in section 5.
Section 6 is devoted to our conclusion.
2 Generalized Klein-Gordon equation
In this section, we discuss the influence of quantum gravity effects on the Klein-Gordon equation.
Here we adopt the expression of GUP put forward by Kempf et al., namely [18],
∆x∆p ≥ ~
2
[
1 + β(∆p)2
]
, (2.1)
where β = β0
l2p
~2
is a small value, β0 < 10
5 is a dimensionless parameter [30] and lp is the Planck
length. Eq. (2.1) was derived by the modified the commutation relations [xµ, pν ] = i~δµν
[
1 + βp2
]
,
where xµ and pµ are position and momentum operators defined as follows
xµ = x0µ,
pµ = p0µ
(
1 + βp20
)
. (2.2)
x0µ and p0µ satisfy the canonical commutation relations [x0µ, p0ν ] = i~δµν . The four-dimensional form
of the Klein-Gordon equation without an electromagnetic field is given by
− PµPµ = m2. (2.3)
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To consider the effects of quantum gravity, we rewrite this equation as
− (i~)2 ∂t∂t = (i~)2 ∂i∂i +m2. (2.4)
In the theories of quantum gravity, the generalized expression of energy takes on the form [31, 32, 33]
E = E
(
1− βE2) = E [1− β (P 2 +m2)] , (2.5)
where the mass-energy shell condition E2−P 2 = m2 was used. After inserted the modified operators
of momentum into above equation, the generalized Klein-Gordon equation is gotten as
− (i~)2 ∂t∂tΨ =
[
(−i~)2 ∂i∂i +m2
]{
1− 2β
[
(−i~)2 ∂i∂i +m2
]}
Ψ. (2.6)
In the following sections, we will adopt the above equation to discuss the tunneling radiation of scalar
particles across the horizons of the Schwarzschild and Kerr black holes.
3 Particle tunnels from the Schwarzschild black hole
In this section, we consider a particle tunneling from the Schwarzschild black hole. The effects of
quantum gravity are taken into account by the influence of GUP. The metric of the Schwarzschild
black hole is given by
ds2 = −f (r) dt2 + 1
g (r)
dr2 + r2dθ2 + r2 sin2 θdφ2, (3.7)
with f (r) = g (r) = 1− 2M
r
and M is the mass of the black hole. The horizon is located at rh = 2M .
The motion of a scalar particle obeys the generalized Klein-Gordon equation (2.6). To describe the
equation of motion, we assume the wave function of the scalar particle as
Ψ = exp
[
i
~
I (t, r, θ, φ)
]
, (3.8)
where I is the action of the scalar particle. Inserting the inverse metric into Eq. (2.6), we can get
1
f
(∂tI)
2 =
[
g (∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φI)
2 +m2
]
×
{
1− 2β
[
g (∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φI)
2 +m2
]}
. (3.9)
In the above equation, the first order terms of ~ were neglected. Our aim it to get the expression of
the action. It is difficult to solve it from the above equation. To solve this equation, we consider the
properties of the space-time and carry out separation of variables on the action I as
I = −ωt+W (r) + J (θ, φ) , (3.10)
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where ω is the energy of the emitted particle. Here we let the particle tunnel along the radial direction.
Thus we can get
1
r2
(∂θJ)
2 +
1
r2 sin2 θ
(∂φJ)
2 = c. (3.11)
In the above equation, c is an constant and can be zero. Then Eq. (3.9) reduces to a quartic equation,
that is
A (∂rW )
4 +B (∂rW )
2 + C = 0, (3.12)
where
A = −2βg (r)2 ,
B = g (r)
(
1− 4βc− 4βm2) ,
C = m2 + c− 2βc2 − 4βcm2 − 2βm4 − ω
2
f (r)
. (3.13)
Due to B2− 4AC = 1− 8β ω2
f(r) > 0, the condition of solution of the above equation (3.12) is satisfied.
The solution of this quartic equation at the horizon is
W± = ±
∫
dr
1√
fg
√
ω2 −m2f + 2βm4f
[
1 + β
(
m2 +
ω2
f
)]
= ±ipi2Mω
[
1 +
1
2
β
(
m2 + 4ω2
)]
+ (real part) , (3.14)
where +/− represent the outgoing and ingoing solutions, and f = g = 1 − 2M
r
. Here we adopt the
canonically invariant expression of the tunneling rate and let pr = ∂rW . Thus the tunneling rate is
gotten as
Γ ∝ exp
[
−Im
∮
prdr
]
= exp
[
−Im
(∫
poutr dr −
∫
pinr dr
)]
= exp
{
−pi4Mω
[
1 +
1
2
β
(
m2 + 4ω2
)]}
. (3.15)
This is the Boltzmann factor with the Hawking temperature taking T = 1
4piM[1+ 12β(m2+4ω2)]
. When
β = 0, the result reduces to the usual result. There is two times of the Hawking temperature appeared.
However, this result is different from that derived by Hawking. In [35], the authors pointed out that
the temporal contribution to the tunneling amplitude was missed in the above discussion. Therefore,
we should incorporate this contribution into the calculation of the tunneling rate.
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This temporal contribution can be found by using the Kruskal coordinates (T,R). In this coordi-
nates, the exterior region of the black hole is described by
T = eκr∗sinh(κt), R = eκr∗cosh(κt), (3.16)
where κ = 1/4M is the surface gravity and r∗ = r+ 12κ ln
r−rh
rh
is the tortoise coordinate. Correspond-
ingly, the inner region is given by
T = eκr∗cosh(κt), R = eκr∗sinh(κt). (3.17)
The temporal contribution can be derived by connecting these two patches across the horizon. We
rotate the time as t→ t− ipi2κ . This rotation would leads to that the temporal part yields an additional
imaginary contribution, namely, Imω∆tout,in = piω2κ . Thus, the total contribution is Imω∆t = piω/κ.
Incorporating this contribution into Eq. (3.15), we get the tunneling rate as
Γ ∝ exp
[
−Im
(
ωt+
∮
prdr
)]
= exp
{−pi8Mω [1 + β (ω2 +m2/4)]} . (3.18)
This is the Boltzmann factor with the Hawking temperature taking
T =
1
8piM [1 + β (ω2 +m2/4)]
= T0
[
1− β (ω2 +m2/4)] . (3.19)
Clearly, the corrected temperature is lower than the original derived one. The corrected temperature
is related to the mass and energy of the emitted particle. The quantum correction slows down the
increase of the temperature.
4 Tunneling in the Kerr black hole
In this section, we investigate the tunneling across the event horizon of a Kerr black hole with quantum
gravity effects. The metric of the Kerr black hole is given by
ds2 = −
(
1− 2Mr
ρ2
)
dt2 +
ρ2
△dr
2 +
[(
r2 + a2
)
+
2Mra2 sin2 θ
ρ2
]
sin2 θdϕ2
+ρ2dθ2 − 4Mra sin
2 θ
ρ2
dtdϕ, (4.20)
where
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ρ2 = r2 + a2 cos2 θ,
△ = r2 − 2Mr + a2 = (r − r+) (r − r−) . (4.21)
r± =M ±
√
M2 − a2 are the outer and inner horizons, M is the black hole’s mass and a is the angular
momentum per unit mass. To calculate the tunneling radiation of a scalar particle, we can directly
adopt the metric (4.20). Here we discuss it in the dragging coordinate coordinate system. Performing
the dragging coordinate transformation φ = ϕ− Ωt, where
Ω =
(
r2 + a2 −△) a
(r2 + a2)2 −△a2 sin2 θ , (4.22)
to the metric (4.20), we get
ds2 = − △ρ
2
(r2 + a2)2 −△a2 sin2 θdt
2 +
ρ2
△dr
2 + ρ2dθ2 +
(
r2 + a2
)2 −△a2 sin2 θ
ρ2
sin2 θdφ2,
≡ −F (r) dt2 + 1
G (r)
dr2 +K (r)2 dθ2 +H (r)2 dφ2. (4.23)
We also assume the wave function of scalar field takes a form
ψ = exp
[
i
~
I (t, r, θ, φ)
]
, (4.24)
where I is the scalar particle’s action. We take the inverse metric and (4.24) into (2.6), and ignore
the higher order of ~. Then we get
1
F
(∂tI)
2 =
[
G (∂rI)
2 +
1
K2
(∂θI)
2 +
1
H2
(∂φI)
2 +m2
]
×(
1− 2β
[
G (∂rI)
2 +
1
K2
(∂θI)
2 +
1
H2
(∂φI)
2 +m2
])
. (4.25)
To solve the above equation, we carry out the separation of variables as follows
I = − (ω − jΩ) t+W (r, θ) + jφ, (4.26)
where ω is the energy and j is the angular momentum of the emitted particle. It is worth to note that
W (r, θ) can not be separated as W (r)Θ (θ). We fix the angle θ at a certain value of θ0. Therefore,
our aim is to find the solution of W (r, θ0). Substituting the action (4.26) into Eq. (4.25), we get
A (∂rW )
4 +B (∂rW )
2 + C = 0, (4.27)
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where
A = −2βG2,
B = G
(
1− 4β j
2
H2
− 4βm2
)
,
C = m2 +
j2
H2
− 2β
(
j2
H2
)2
− 4βm2 j
2
H2
− 2βm4 − (ω − jΩ)
2
F
. (4.28)
Solving the above equation at event horizon yields
W± = ±
∫
dr
1√
FG
√
(ω − jΩ)2 −m2F − j
2
H2
F (r) + 2β
(
F
j4
H4
+ 2m2F
j2
H2
+m4F (r)
)
×
[
1 + β
(
m2 +
(ω − jΩ)2
F
+ β
j2
H2
)]
= ±ipi (ω − jΩ+)
r2+ + a
2
r+ − r− (1 + βΠ) + (real part) , (4.29)
where
Π =
1
2
(
r2+ + a
2
)5
(r+ − r−)2 ω40
(
r2+ + a
2 cos2 θ0
)2 {(r+ − r−) (aj − (r2+ + a2)ω)4 (r2+ + a2 cos2 θ0)×[(
r2+ + a
2
)
(r+ − r−)
(
r2+ + a
2 cos2 θ0
)(
m2 +
j2
(
r2+ + a
2 cos2 θ0
)2(
r2+ + a
2
)4
)
+
+2ajω0
(− (r2+ + a2) (3r+ − r−) + a2 (r+ − r−) sin2 θ0)]
ω20
(
r2+ + a
2
) ((
r2+ + a
2
)
ω − aj)3 ([−8aj (r+ − r−) (r2+ + a2 cos2 θ0)]×[− (r2+ + a2) (3r+ − r−) + a2 (r+ − r−) sin2 θ0]− ((r2+ + a2)ω − aj) ×[
a2 cos2 θ0
(
4
(
r2+ + a
2
) (
a2 − 2r2+ + 3r+r−
)
+ 3a2 (r+ − r−)2 sin2 θ0
)
+
r+
(
4
(
r2+ + a
2
) (−r2+ (r+ − 2r−) + a2 (2r+ − r−))+ 3a2r+ (r+ − r−)2 sin2 θ0)])} , (4.30)
Ω+ =
a
r2
+
+a2
is the angular velocity at the outer horizon and ω0 = ω − jΩ+. Here, we still use the
canonically invariant expression of the tunneling rate. To take into account the temporal contribution,
we adopt the Kruskal coordinates (T,R). The exterior region (r > r+) of the Kerr black hole is
described by the Kruskal coordinates as follows
T = eκ+r∗sinh(κ+t),
R = eκ+r∗cosh(κ+t), (4.31)
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where r∗ = r + 12κ+ ln
r−r+
r+
− 12κ− ln
r−r−
r−
is the tortoise coordinate, and κ± =
r+−r−
2(r2
±
+a2)
is the surface
gravity at the outer (inner) horizons. The interior region is described as
T = eκ+r∗cosh(κ+t),
R = eκ+r∗sinh(κ+t). (4.32)
To find the temporal contribution, we connect the above two patches across the horizon. We rotate the
time as t→ t− ipi2κ+ . This rotation leads to the additional imaginary contribution, ImE∆tout,in = piE2κ+ ,
where E = ω−jΩ+. Therefore, the total contribution is ImE∆t = piEκ+ . Incorporating this contribution
into Eq. (3.15), we get the tunneling rate as
Γ ∝ exp
[
−Im
(
Et+
∮
prdr
)]
= exp
[
−4pi (ω − jΩ+)
r2+ + a
2
r+ − r−
(1 + βΠ/2)
]
. (4.33)
This is the Boltzmann factor with the Hawking temperature taking
T =
r+ − r−
4pi
(
r2+ + a
2
)
(1 + βΠ/2)
= (1− βΠ/2) T0, (4.34)
where T0 =
(r+−r−)
4pi(r2++a2)
is the original Hawking temperature of the Kerr black hole. It is clearly that the
corrected temperature is lower than the original one. The corrected temperature is not only dependent
one the quantum number (energy, mass, angular momentum) of the emitted fermion, but also related
to the azimuthal angle θ.
5 Remnants in black holes
In this section, we derive the remnants in the black holes. The quantum correction slows down the
increase of the Hawking temperature due to the radiation. Finally, there is a balance state. At this
state, the evaporation stops and remnants are produced. When a = 0, the Hawking temperature of
the Kerr black hole reduce to that of the Schwarzschild black hole.
T =
1
8piM
[
1− β (ω2 +m2/4)] , (5.35)
To determine the remnants, it is enough to adopt the massless particle. The evaporation stops when
the following condition
(M − dM) (1 + βω2) ≃M, (5.36)
is satisfied. To avoid the appearance of the negative temperature, ω ≤ 1/√β. Then with the ob-
servation β = β0/Mp and dM = ω, where Mp is the Planck mass and β0 < 10
5 is a dimensionless
parameter, we get the remnants and the temperature
9
MRes ≃
M2p
β0ω
&
Mp√
β0
. (5.37)
Thus, the singularity of the black hole is prevented by the quantum gravity correction. Due to the
value of β0, the temperature of the remnants may be higher than the Planck temperature.
6 Conclusion
In this paper, we modified the generalized Klein-Gordon equation in curved spacetime based on the
generalized uncertainty principle [18]. Then used the modified equation, we investigated the tunneling
radiation of the scalar particles in the Schwarzschild and Kerr black holes. In these two black hole
spacetime configurations, we showed that the corrected Hawking temperatures does not only depend
on the properties of the black holes, but also depend on the quantum numbers (angular momentum,
mass, energy) of the emitted particles. Our results show that the temperature increasing during the
evaporation will be slowed down by the quantum gravity effects. At a certain point, the temperature
becomes balanced and remnants of the black holes exist. The remnants were derived as MRes &
Mp√
β0
by the emission of the massless particle. In [34], the remnants were also derived by different methods.
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